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Abstract. Let r be a continuous self-map of a compact metric space 
'^^ ". X. The transformation T induces natural a continuous self-map Tk on the 

hyperspace K{X) of all non-empty closed subsets of X. In this paper, we 

^D . show that the system {K{X),Tk) on the hyperspace is Devaney chaotic 

^N ' if and only if {K{X),Tk) is an HY-system if and only if {X,T) is an 

^ . HY-system, where a system {Y, S) is called an HY-system if it is totally 

^tp' transitive and has dense small periodic sets. 

0^ 

C/0 ! 1. INTRODUCTION 

. I Throughout this paper, by a topological dynamical system {X,T) we 

^ ■ mean a compact metric space X with a continuous map T from X into itself; 

•^ the metric on X is denoted by d. 

Let K{X) be the hyperspace on X, i.e., the space of non-empty closed 
subset of X equipped with the Hausdorff metric dn defined by 

^ ' dniA^B) = max< maxminJ(x,y), maxminJ(x,j) \ for A, 5 G KiX). 

V^ • I x^A yeB yeB xeA J 

Tj- I The transformation T induces natural a continuous self-map Tk on the hy- 

perspace K{X) defined by 

O' Tk{C) = TC, for CeK{X). 

Then {K{X),Tk) is also a topological dynamical system. 

In 1975, Bauer and Sigmund O initiated the study on connection be- 
tween properties of {X,T) and {K{X), Tk) ■ They considered such properties 
as distality, transitivity and mixing property. This leads to a natural ques- 
tion: if one of the system {X,T) and {K{X),Tk) is chaotic in some sense, 
how about the other? This question attracted a lot of attention, see, e.g., 
[HI 111 [10] and references therein, and many partial answers were obtained. 

One of the most popular definition of chaos is Devaney chaos introduced 
in [[U (see Section 2). The aim of this paper is to obtain some equivalent 
conditions of Devaney chaos on the hyperspace. The main result is the 
following: 

Theorem 1.1 (Main result). Let {X,T) be a dynamical system with X being 
infinite. Then the following conditions are equivalent: 
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(1) {K{X),Tk) is Devaney chaotic; 

(2) {K{X),Tk) is an HY-system; 

(3) {X,T) is an HY-system. 

2. Preliminaries 

2.1. Basic definitions and notations. Let N denote the set of positive in- 
tegers. Through the rest of this paper X denotes an infinite compact metric 
space with a metric d. 

Let {X, T) be a dynamical system. We say that jc e X is dL periodic point if 
T'^x = X for some n G N. The set of all periodic points of the system {X,T) 
is denoted as Per{X,T). 

Definition 2.1. Let {X,T) be a dynamical system. The system {X,T) is 
called 

(1) transitive if any two non-empty open subsets U and V of X, there 
exits an n G N such that T"U fl V ^ 0; 

(2) totally transitive if for each n G N, {X,T") is transitive; 

(3) weakly mixing if the product system {X x X ,T x T) is transitive; 

Definition 2.2. Let {X,T) be a dynamical system. The system {X,T) is 
called Devaney chaotic if it satisfies the following conditions: 

(1) it is transitive; 

(2) periodic points are dense; 

(3) it is sensitive to initial conditions. 

It is well known that if X is infinite then the third condition of Devaney 
chaos is redundant (see, e.g., flJl). Since we will restrict our attention to 
compact metric spaces without isolated points we will say that {X,T) is 
Devaney chaotic if it is transitive with dense periodic points. 

Definition 2.3. Let {X,T) be a dynamical system. We say that {X,T) has 
dense small periodic sets if for any non-empty open subset U of X there 
exists a closed subset YofU and k eN such that T^Y C Y. 

Definition 2.4. Let {X,T) be a dynamical system. The system {X,T) is 
called 

(1) an F- system if it is totally transitive and has a dense set periodic 
points. 

(2) an HY-system if it is totally transitive and has dense small periodic 
sets. 

In [[6l Furstenberg showed that every F-system is weakly mixing and 
disjoint from any minimal system. Recently, Huang and Ye [8J showed that 
a system which is totally transitive and has dense small periodic sets is also 
weakly mixing and disjoint from any minimal system. For this reason, such 
a system is called an HY-system in |l9l. It should be noticed that the author 
in [|9|| characterized HY-system by transitive points via the family of weakly 
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thick sets. Clearly, every F-system is also an HY-system, but there exists an 
HY-system without periodic points [8|. 

2.2. Hyperspaces. Let K{X) be the hyperspace of X, i.e., the space of non- 
empty closed subset of X equipped with the Hausdorff metric d^- Then 
K{X) is also a compact mertic space. The following family 

{(f/i,--- ,f/„) : C/i,--- ,[/„ are non-empty open subsets of X, n G N} 

forms a basis for a topology of K{X) called the Vietoris topology, where 

n 

(5i,--- ,5„) = \a(^K{X) : Kd |j5,andAn5/^0foreach/= I,--- ,n| 

is defined for arbitrary non-empty subsets 5i,--- ,5„ C X. It is not hard 
to see that the Hausdorff topology (the topology induced by the Hausdorff 
metric du) and the Vietoris topology for K(X) coincide. For more details 
on hyperspaces see [1 IJ. 

3. Proof of the main result 

First, we need the following useful Lemma. 

Lemma 3.1 (Eni). Let (X,T) be a dynamical system. Then the following 
conditions are equivalent: 

(1) {K{X),Tk) is weakly mixing; 

(2) {K{X),Tk) is transitive; 

(3) {X,T) is weakly mixing. 

Now we turn to the proof of the main result of this paper. 



Proof of Theorem [777] (1)^(2) follows from the definitions and Lemma l37Tl 
(2)^(3) Assume that (ii:(X),rjs:) is an HY-system. By LemmalO. [XJ) 
is weakly mixing. Then we only need to show that {X,T) has dense small 
periodic sets. Let t/ be a non-empty open subset of X. Then (U) = {A G 
K{X) : A C f/} is an open subset of K{X). Since {K{X),Tk) has dense 
small periodic set, there exists a closed subset A C {U) and k eN such that 
(7^)^71 C A. Let Y = \J{A : AeA}. We want to show that 7 is a closed 
subset of X. hetx„ be a sequence of points in Y and converge to x. Then for 
every n G N there exists an A„ G A such that x„ G A„. Since ^ is a closed 
subset of K{X) and K{X) is compact, without loss of generality, we can 
assume that the sequence A„ converge to A G 71 in the hyperspace K{X). By 
the definition of Hausdorff metric, it is not hard to check that x eA. Then 
X eY, which implies that 7 is a closed subset of X. Clearly, Y C U and 
jky (- y Thus, {X,T) has dense small periodic sets. 

(3)^(1) Assume that {X,T) is an HY-system. Then {X,T) is weakly 
mixing, and by Lemma lTTI {K{X) , Tk) is also weakly mixing. So we are left 
to show that {K{X),Tk) has dense set of periodic points. Let U be a non- 
empty open subset of K{X). Then there exist pairwise disjointness open 
subsets C/i , . . . , f/„ of X such that (t/i , . . . , C/„) C U. Since (X, T) has dense 
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small periodic sets, there exist Fi , . . . , y„ and k\,...,kn such that Yi C Ui and 
T^'Yi C Yi for z = 1 , . . . , n. For each z = 1 , . . . , n, choose a closed subset Z,- of 
Yi with r^'Z,- = Zi. Let Z = (JLi Z,- and A: = /ti x ■ ■ ■ x /t„. Then Z e K{X) and 
{TkYZ = Z. Therefore, {K{X) , T/^:) is chaotic in the Devaney sense. D 

In [Q, Kwietniak and Misiurewicz strengthened the notion of Devaney 
chaos in a sense to the extreme, and introduce exact Devaney chaos. Recall 
that a system {X,T) is called topologically exact if for any non-empty open 
subset U oiX there exists an n G N such that T^U =X. The system {X,T) 
is called exactly Devaney chaotic if it is topologically exact with dense pe- 
riodic points. 

Lemma 3.2 ([El). Let {X,T) be a dynamical system. Then (K(X),Tk) is 
topologically exact if and only if{X,T) is topologically exact. 

Corollary 3.3. Let {X,T) be a dynamical system. Then {K{X),Tk) is ex- 
actly Devaney chaotic if and only if {X,T) is a topologically exact HY- 
system. 

Proof. It follows from Theorem [TT] and Lemma 13.21 D 

Remark 3.4. (1) The authors of fj] constructed a system {X,T) such that 
{K{X),Tjc) is exactly Devaney chaotic, while the set of periodic points 
Per{X, T) is nowhere dense. But this system does have periodic points. 

(2) The authors of [|8| constructed an HY-system {X,T) without periodic 
points. Then {K{X),Tk) is Devaney chaotic, while the set of periodic points 
Per{X,T) is empty. 
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